662 
VOLUME 81 SEPARATE No. 662 


PROCEEDINGS | 


SOCIETY 


CIVIL ENGINEERS 
APRIL, 1955 


TRIAL LOAD ANALYSIS OF STRESSES 
IN DAMS 


by Otto Pfafstetter 


STRUCTURAL DIVISION 


{Discussion open until August , 1955} 


Copyright 1955 by the American Society or Civit ENcINgEESS 
Printed in the United States of America 


Headquarters of the Society 
33 W. 39th Se. 
New York 18, N. Y. 


PRICE $0.50 PER COPY 


THIS PAPER 


--represents an effort by the Society :o deliver 
technical data direct from the author to the 
reader with the greatest possible speed. Tothis 
end, it has had none of the usual editing required 
in more formal publication procedures. 


Readers are invited tosubmit discussion apply - 
ing to current papers. For this paper the final 
date on which a discussion should reach the 
Manager of Technical Publications appears on 
the front cover. 


Those who are planning papers or discussions 
for “Proceedings” will expedite Division and 
Committee action measurably by first studying 
“Publication Procedure for Technical Papers” 
(Proceedings — Separate No. 290). For free 
copies of this Separate—describing style, con- 
tent, and format—address the Manager, Techni- 
cal Publications, ASCE. 


Reprints from this publication may be made on 
condition that the full title of paper, name of 
author, page reference, and date of publication 
by the Society are given. 


The Society isnot responsible for any statement 
made or opinion expressed in its publications. 


This paper was published at 1745 S. State Street, 
Ann Arbor, Mich., by the American Society of 
Civil Engineers. Editorial and General Offices 
areat 33 West Thirty-ninth Street, New York 18, 
N.Y. 


| 


ICE $0.50 PER COPY 


TRIAL LOAD ANALYSIS OF STRESSES IN DAMS 


Otto Pfafstetter! 


SYNOPSIS 


In this paper the author presents a general analytical proof for the trial 
load analysis of stresses in concrete dams. The presentation also endeavors 
to confirm the validity of the use of the principal systems in the trial load 
analysis, namely: vertical cantilevers, horizontal arches or beams, and the 
twisted structure. The general equations developed for arch dams are sim- 
plified for the particular analysis of straight gravity dams having grouted 
and ungrouted joints. 

Presented separately are the two methods of performing the analysis: the 
use of self-balancing loads, and the use of twisted structures. 


The Use of Self-balancing Loads in the Analysis of Arch Dams 


Figure 1 illustrates an arch dam element limited by two horizontal sec- 
tions, two radial vertical sections, and upstream and downstream faces. 
Chosen for the purposes of analysis in this paper is a rectangular coordinate 
system having X and Y axes parallel, respectively, to tangential and radial 
directions in the center of the arch element, and the Z axis in the vertical 
direction. The center of the arch element may be defined by the intersection 
of the line connecting the gravity centers of the two horizontal sections with 
the horizontal plane passing through the gravity centers of the radial sections. 

In Figure 1 are the following geometrical elements: 

a = Horizontal distance between gravity centers of the horizontal sections; 

b = Horizontal distance between gravity centers of the radial sections; 

c = Horizontal distance from the arch element center to the line connecting 
the gravity centers of the radial sections; 

d = Vertical distance between gravity centers of the horizontal sections; 

= Angle between radial sections. 

The resultant of all external forces as water load, concrete weight, and 
earthquake forces can be referred to the center of the arch element, leading 
to the following components: 

Xo, Yo, Zo - force components along the three axes, 

Myo; o» Mz, - moment components related to lines parallel to the coor- 
dinate axis, drawn through the arch element center. 

By integrating all stresses along a horizontal section a resultant force is 
obtained in some position in space, which can be replaced by the following 
forces and moments acting on the gravity center of this section: 

Nz - normal force, 

Vzx - shear in X direction, 

Mzx, Mzy, Mz, - moments related to lines parallel to the coordinate axis, 
drawn through the gravity center of the horizontal section. 
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FIG.| - ARCH DAM ELEMENT 


Referring, in the same way, the resultant of all stresses on a radial sec- 
tion to the gravity center of this section, we have the following force and mo- 
ment components: 

Ny - tangential (normal) force, 
Vtr - radial shear, 
Vtz - shear in vertical direction, 

Mit, Mer, Metz - moments related respectively to tangential, radial, and 
vertical lines, drawn through the gravity center of the radial section. 

The moments are represented by clockwise vectors (in dashed lines) nor- 
mal to their respective planes. 

The directions of the arrows indicated in Figure 1 give the positive value 
for the forces and moments. 

The six equilibrium conditions of the arch element to translation along the 
three axes and to rotation around lines parallel to the coordinate axis, drawn 
through the center of the element, lead to: 
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As the center of the arch element is not equidistant in vertical and hori- 
zontal direction from the gravity centers of the horizontal sections, the dis- 
5 and ‘ used for the forces in equations (4), (5), and (6) are not exact. 
However, the difference can be neglected in analyzing finite cantilever ele- 
ments and especially if they are infinitesimal in the vertical direction, 

To simplify equations (1) to (6), set: 
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Then the equations (1) to (6) become: 
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In the equations (la) to (6a) only the average values and the differences of 
internal forces or moments acting on their respective sections are considered. 
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The conclusions which can be drawn in considering an arch element having 
infinitesimal dimensions in the vertical (d) and in the tangential (b) direction, 
are as follows. The general resultant of the stresses on a horizontal or radi- 
al section has an infinitesimal distance from a line parallel to Y axis going 
through the gravity center of sections. Thus, the moments Mzy and M,.. can 
be neglected when compared with other internal moments. Also, the twist 
moments Mzz and Mx, are the results of tangential and vertical shear com- 
ponents, respectively, because the radial shear components have infinitesimal 
arms related to the gravity center of the sections. 

As the external forces are proportional to the vertical and tangential di- 
mensions of the arch element and the internal forces are proportional to just 
one of these dimensions, the external forces and their moments when com- 
pared with internal forces and their moments can be disregarded. 

For an infinitesimal arch element in equation (5a), Myo = O. Similarly, 


Moy * Mey 0, cos 5 =l, sin 5 = 0; 


then 


Thus, the tangential shear per unit width is equal to the vertical shear per 
unit height on the same point of the dam. 

As the twist moments Mzz and Mj; are related only to tangential and ver- 
tical stresses, respectively, and these stresses are equal on the several por- 
tions of the infinitesimal arch element, 
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that is, the vertical twist moment per unit width is equal to the horizontal 
twist moment per unit height on the same point of the dam. 

In addition to the six equilibrium conditions (equations (la) to (6a)), the 
forces and moments acting on the arch element should satisfy the continuity 
conditions; that is, the deformations of the arch element resulting from these 
forces and moments must be in agreement with the deformations of the adja- 
cent elements caused by their own forces and moments. As a special case of 
continuity conditions we have boundary conditions which state that the defor - 
mations of the arch elements must agree with those of the adjacent bounda- 
ries; that is, the deformations of the arch elements must agree with those of 
the adjacent abutments. 

The relative deformation of two opposite sections of an arch element may 
be resolved in three translations along the coordinate axis and three rotations 
around these axes. These six displacements lead to six independent continuity 
conditions. The six continuity conditions with the six equilibrium conditions 
are necessary and sufficient to determine the 12 unknown internal forces and 
moments. 

If the normal force Nz, the bending moments Mzx, and Mz, on a horizontal 
section of an arch element are known, and a plane distribution of normal 
stresses is assumed, all normal stresses on this section can be obtained. In 
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the same way, if Ny, Myz, and Mj, are known and a plane distribution of nor- 
mal stresses on radial planes is assumed, all normal stresses on this section 
of the arch element can be found. 

If the shears V7, and Vz, and the twisting moment M,, on a horizontal 
section of an arch element are known, and uniform distribution of radial 
shear stress and linear distribution for the tangential shear stresses are 
assumed, all shear stresses on this section can be obtained, Similarly, if 
Vtr, Vez, and My are known and uniform distribution for radial shear stress- 
es and linear distribution for the vertical shear stresses are assumed, all 
stresses on radial sections of the arch element can be resolved. 

One means of translating the continuity conditions in mathematical form 
consists in relating the deformations of the dam to deformations of horizontal 
arches and vertical cantilevers. For this purpose the equilibrium conditions 
may be changed, adding and subtracting in each of the equations (la) to (6a) 
an external force (X, Y, Z) or moment (Mx, My, Mz). These fictitious forces 
and moments should be of similar nature as those included in the equations 
as real external loads. With this introduction and a convenient grouping of 
the terms, equations (la) to (6a) become: 
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For some values of the additional loads X, Y, Z, Mx, My, and M,, the 
first part of the equations between parentheses becomes equal to zero. 
Therefore, for these values of the additional loads, the second part of the 
equations must equal zero. Then the parts of the equations can be grouped 
as follows: 
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The system (8a), (9a), (10a) gives the equations for cantilevers loaded by 
(Yo - Y), (Zo - Z) and (Mxo - Mx), which bend in radial planes, being sub- 
jected to displacements in radial and vertical directions and rotations around 
the X axis. 

The system (7b), (8b), (12b) gives the equations for arches loaded by X, Y 
and M,, which bend in horizontal planes, being subjected to displacements in 
radial and tangential directions and rotation around the Z axis. 

The system (7a), (11a), (12a) gives the equations for cantilevers loaded by 
(Xo - X), (Myo - My) and (Mz, - Mz) which bend in transversal planes and 
twist, being subjected to displacements in tangential direction and rotations 
around the Y and Z axes. 
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Similarly, the system (9b), (10b), (11b) gives the equations for arches 
loaded by Z, M, and M., which bend in vertical direction and twist, being 
subjected to displacements in vertical direction and rotations around the X 
and Y axes. 

It should be noted that each translation or rotation appears simultaneously 
on cantilevers radially or transversely loaded and on arches radially or ver- 
tically loaded. 

The additional loads X, Y, Z, Mx, My and Mz, act in the same way as the 
external loads Xo, Yo, Zo, Mxp, Myo and M,. on the center of the arch ele- 
ment or on the axis of the arches and cantilevers which intercept in the space 
defined by this arch element. Because of the symmetrical action of the addi- 
tional loads on the arches and cantilevers, they are usually referred to as 
“self-balancing loads.” 

With the use of the self-balancing loads as auxiliary unknowns the equilib- 
rium conditions of the arch element can be sub-divided into four independent 
systems which express the equilibrium conditions of vertical cantilevers and 
horizontal arches. In this analysis the use of horizontal arches and vertical 
cantilevers as principal structures for the calculation of stresses in arch 
dams is justified, because it is possible to separate the internal forces and 
moments of the arch element, relating each group to the corresponding struc- 
ture. 

The deformations of the cantilevers and arches are functions of the inter- 
nal forces and moments. These forces and moments are related to the self- 
balancing loads X, Y, Z, My and M, by the last four systems of equations. 
The equality of deformations of the arches and cantilevers on each point of 
the dam gives six conditions which determine the values of the six unknown 
self-balancing loads on these points. 

As the equations relating the deformations directly to the self-balancing 
loads are too intricate for a direct solution of the problem, the trial load 
method was developed. In this method the value of the self-balancing loads 
is estimated and the loads are then applied with the real external loads as 
shown in the explanation of the four systems of equations. Then the internal 
forces and moments are computed, as well as the corresponding deformations 
of arches and cantilevers by the usual methods of calculation for this kind of 
structure. This trial estimate of the self-balancing loads is repeated until a 
reasonable agreement between deformations of arches and cantilevers is 
reached. Each estimate is oriented by the results of the former trials, lead- 
ing to a convergence of the results. The computation is usually performed 
for a few representative arches of unit height and a few cantilevers of unit 
width on the axis of the dam. 

As each external and self-balancing load causes predominantly one kind 
of displacement or rotation, it is customary to apply these loads successively 
to the structure elements. This is generally performed in the following se- 
quence. 

The first set of loads consists of radial forces (Yo - Y) on the cantilevers 
and Y on the arches. With these loads the cantilevers displace in radial and 
vertical directions and rotate about the X axis; the arches deflect in radial 
and tangential directions and rotate about the Z axis. The value of these 
loads is estimated by trial until a reasonable agreement is reached between 
the radial deformations of arches and cantilevers. These are the predomi- 
nant movements resulting from these loads. 

The second set of loads consists of tangential forces (Xp - X) on the canti- 
levers and X on the arches. With these loads the arches and cantilevers 
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deform principally in the tangential direction. These loads are chosen by 
trial to obviate the discrepancy of tangential deformations on arches and 
cantilevers caused by other sets of loads and primarily by the first one. In 
this way, the tangential displacements of the arches caused by the first and 
second set of loads are added and equal to the tangential displacements of the 
cantilevers due to the forces X. The tangential loads cause also rotations 
around Y and Z axes on the cantilevers, as well as radial displacements and 
rotations around Z axis on the arches. The radial displacements of the 
arches are added to similar deformations caused by the first set of loads. 

If this results in a large discrepancy of radial displacements of arches and 
cantilevers, the first set of loads is readjusted to accomplish this condition 
to a reasonable degree. 

The third set of loads consists of vertical twist moments (M,, - M_) on 
the cantilevers and M, on the arches. With these loads the cantilevers and 
arches rotate mostly around Z axis. The rotations of the arches are added 
to similar deformations caused by the first set of loads. There may be also 
added, respectively, the rotations around the Z axis on the cantilevers and 
arches due to the second set of tangential loads, which are generally of less 
magnitude. With this set of loads a reasonable agreement may be reached 
between rotations around the Z axis on corresponding points of arches and 
cantilevers. The twist loads also cause tangential displacements and rota- 
tions around the Y axis on the cantilevers, as well as radial and tangential 
displacements on the arches. The tangential displacements of the cantilevers 
and arches are added to similar deformations due to the first and second set 
of loads and, if necessary, the tangential trial loads readjusted for agreement 
of tangential deformations of arches and cantilevers. The radial displace- 
ments of the arches are added to similar deformations due to the first set of 
loads and, if necessary, the radial trial loads readjusted for agreement of 
radial deformations of arches and cantilevers. 

Sometimes the two radial readjustments due to changes introduced by the 
second and the third set of loads are performed simultaneously, adding radial 
displacements caused by all loads. Each new adjustment may change those 
previously performed, but the results are quickly convergent. 

These three sets of loads lead to the often-called radial, tangential, and 
twist adjustments. The other sets of loads and corresponding adjustments 
are considered in special and simplified manner, as will be explained. 

A set of loads consisting of horizontal twist moments (Mxo - M,) on the 
cantilevers and M, on the arches may now be applied. These loads should 
eliminate the disagreement in rotations of arches and cantilevers around X 
axis caused by the first set of loads. However, the values of the internal mo- 
ments M,, from the third set of loads are known with sufficient accuracy by 
integration of the self-balancing twists (Mzo - Mz) along the cantilevers 
(equation 12a), As the horizontal and vertical twist moments are equal on 


M 
the same point ( + = >=), the distribution of these moments along the dam 


are known and the values of the loads M, may be obtained by differentiation 
along arches (equation 10b). These values of the self-balancing loads (Mx, - 
Mx) and My lead automatically to an agreement in rotations of cantilevers 
and arches around the X axis. In this way, it is not necessary to make the 
horizontal twist adjustment. In the radial adjustment the changes in radial 
deflections of the cantilevers caused by the horizontal twist loads (Mx, - M,) 
and My, should be considered. The self-balancing twist loads cause also ver- 
tical displacements on the cantilevers and arches as well as rotations around 
the Y axis on the arches. 
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The next set of loads to be applied consists of vertical forces (Zp - Z) on 
the cantilevers and Z on the arches. These loads should eliminate the dis- 
agreement in vertical displacements of cantilevers and arches caused pre- 
dominantly by the horizontal self-balancing twist loads. The vertical dis- 
placements of the cantilevers due to the horizontal twist and radial loads 
appear because of the angle between the cantilever axis and the vertical, and 
may be neglected in most cases. The vertical displacements of the arches 
due to the vertical bending caused by the horizontal twist loads are generally 
of more importance. Known with sufficient accuracy are the values of the in- 
ternal forces Vz, from the second set of self-balancing loads. These values 
were obtained by integration of the forces (Xp - X) along the cantilevers 
(equation 7a). As the tangential and vertical shear forces are equal on the 
same point (4 = = — , the distribution of these shears along the dam are 
known and the self-balancing loads Z may be obtained by differentiation along 
arches (equation 9b). These values of the self-balancing loads (Z, - Z) and 
Z lead automatically to an agreement in vertical displacements of cantilevers 
and arches. In this way, it is not necessary to make the vertical adjustment. 
The vertical loads (Xp - X) affect the radial deflections of the cantilevers to 
some extent, and these loads should be considered in the radial adjustment. 
The vertical self-balancing loads also cause rotations around the X axis on 
the cantilevers as well as rotations around the X and Y axes on the arches; 
these rotations are generally of minor effect. 

Knowing the values of the horizontal and vertical self-balancing loads and 
consequently those of the internal shears Vzx and V}z, the values of the twist 
moments Mz7, Mi, and Mx, according to equations 12a and 10b, may be more 
accurately determined. 

It should be noted that the vertical self-balancing loads cause longitudinal 
deformations on the cantilevers and transversal bending on the arches. A 
study of these deformations shows that the vertical self-balancing loads cause 
relatively small vertical displacements. As the vertical displacements caused 
by other loads are also negligible, the horizontal arches of the dam deform 
virtually in their own planes. 

There is left one set of self-balancing loads which consist of radial mo- 
ments (Myo - My) on the cantilevers and My on the arches, These loads elim- 
inate the disagreement in rotation of arches and cantilevers around the Y axis, 
which is caused by tangential and vertical loads as well as by vertical and 
horizontal twists. This condition may be accomplished in a simplified manner 
with the aid of the former stated conclusion that the horizontal arches deform 
without appreciable vertical displacements. This shows that the cantilevers 
deform transversely keeping their sections nearly horizontal, being subjected 
to shear detrusion and almost no bending deformation. This means that in 
each element of the cantilevers the moment (Myo - My) equals approximately 
the moment d.V_, of the tangential shears; equation lla thus reduces to 
AMzy 20. Thus we have a simple way to consider the self-balancing load 
(Myo - My) and My, stating that the transversal displacements of the canti- 
levers are produced almost entirely by the shear detrusion of AVz, = X - Xo 
given by equation 7a. In the arches the moments My have the effect of virtual - 
ly eliminating the vertical displacements caused by the shear Viz. The radial 
moments (Myo - My) and also cause rotations around Z axis on the canti- 
levers and rotations around X axis on the arches, which are usually negligible. 

Thus, in reviewing all effects of the self-balancing and external loads, it is 
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seen that the three first sets of loads with radial, tangential, and twist adjust - 
ments give a reasonably accurate result for the internal stresses of a dam, 
particularly when they are followed by the corresponding readjustments. 

In regard to the other loads, consideration should be given to the radial de- 
flections caused by horizontal twists (Myo - Mx) on the cantilevers and the 
fact that tangential deformations of cantilevers result only from the shear 
detrusion due to AVzx = X - Xp. The other secondary influences of vertical 
loads, horizontal twists, and radial moments can be usually neglected but 
should be kept in mind for special structure conformations. 

The self-balancing loads may also be applied simultaneously as shown ia 
the last four systems of equations including all primary and secondary effects 
at the same time. For small vertical displacements, and disregarding the 
secondary effects of vertical loads and horizontal twists on the deformations 
of the cantilevers, the equations simplify to: 
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The last of the four systems does not appear because the agreement in 
vertical displacements and rotation around the X axis are automatically sat- 
isfied if the tangential and twist adjustments are taken into consideration. 

In the previous discussion Poisson’s ratio was different from zero ( # 0) 
for shear deformations, but the transversal deformations due to longitudinal 
and flexure loads were not considered. Even with the separation of the inter- 
nal forces for cantilevers and arches gained with the introduction of the self- 
balancing loads, the deformations of these structure elements are not inde- 
pendent when transversal deformations are considered. In this case the 
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following relations exist between internal forces or moments and correspond- 
ing deformations: 


t = longitudinal deformation of cantilevers 


,* uN = longitudinal deformation of arches 


= + uM. = flexure deformation of cantilevers 


M.. + uM. = flexure deformation of arches 


The action of water loads on the upstream face of the dam causes a vari- 
able radial compression and a consequent small normal and flexure deforma- 
tion on arches and cantilevers. 

This influence of transversal deformations can be considered in the com - 
putation of stresses in dams by a convenient adjustment of the trial loads, 
which is not usually important. 

If the arch dam has multiple centers the cantilevers formed by superposi- 
tion of elements with radial faces will have a warped shape. This causes an 
interference of the radial and transversal components of the cantilever defor- 
mations. When the cantilevers are not excessively warped, they can be re- 
placed without appreciable error, by straight cantilevers having vertical 
faces passing through an intermediate center of the arches. 

The joints of an arch dam are usually grouted after the monoliths are con- 
structed to their full height. In this case the weight of the concrete is carried 
only by the cantilevers and is not considered as load in this analysis. 


The Use of Self-Balancing Loads in the Analysis of Straight Gravity Dams 


In the computation of stresses for large straight gravity dams considera- 
tion should be given to the horizontal transfer of loads. This is particularly 
true where the canyon is narrow or abutments are steep. 

The deductions developed for arch dams may be applied to straight gravity 
dams. Then, 
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and the horizontal arches are replaced by straight beams. For simplicity, 
the direction parallel to the Y axis is still designated as radial. 

The radial and both twist loads cause no vertical and transversal displace- 
ments on the beams and only small deformations of this kind on the cantilev- 
ers. The tangential and vertical self-balancing loads needed for the agree- 
ment of cantilever and beam deformations are consequently small. 

The longitudinal rigidity of beams and cantilevers prevent the dam from 
deforming appreciably in the vertical and tangential directions. Consequent- 
ly, the rotations around the Y axis are small and the value of the self- 
balancing loads My can be neglected. Consequently, the following self- 
balancing loads can be disregarded: 

X=Z= = 0, 


662-12 


and for the external loads: 


Then equations 9a, 7b, 7a, ila, 9b, 11b become: 


The weight of the concrete, vertical earthquake forces, and vertical water 
load are transferred directly to the cantilevers. The tangential earthquake 
forces are taken directly by the horizontal beams. 


With these simplifications the four systems of equations established for 
arch dams become: 


- Y) + = 


(16) 
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The system (16) gives the equations for cantilevers loaded by (Yo - Y) and 
( ~ ), which bend in radial planes, being subjected to displacements in 
radial direction and rotations around the X axis. 

The system (17) gives the equations for beams loaded by Y and Mz, which 
bend in horizontal planes, being subjected to displacements in radial direction 
and rotations around the Z axis. 

The equation (18) defines cantilevers loaded by (Mz, - M,), twisting ver- 
tically, being subjected to rotations around the Z axis. 

The equation (19) defines beams loaded by Mx, twisting horizontally, being 
subjected to rotations around the X axis. 

Instead of introducing all self-balancing loads at the same time, they may 
be applied successively according to the importance of their effects. This is 
generally performed in the following sequence: 

The first set of loads consists of radial forces (Y,g - Y) on the cantilevers 
and Y on the beams. With these loads the cantilevers displace in radial di- 
rection and rotate around the X axis, and the beams deflect in radial direction 
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and rotate around the Z axis. The value of these loads is estimated by trial 
urtil a reasonable agreement is reached between radial deformations of beams 
and cantilevers. 

The second set of loads consists of vertical twist moments (Mz, - M,) on 
the cantilevers and M, on the beams. With these loads the cantilevers and 
beams rotate around the Z axis. With this set of loads there is eliminated 
the disagreement of rotations around the Z axis on cantilevers and beams due 
to the first set of loads. The twist loads also cause radial deformations in 
the beams, These radial displacements of the beams are added to similar 
deformations due to the first set of loads and, if necessary, these loads are 
readjusted to reach an agreement in radial deformations of beams and canti- 
levers. 

These two sets of loads lead to the often-called radial and twist adjust- 
ments. 

Next, application can be made of a set of loads consisting of horizontal 
twist moments (Mx, - My) on the cantilevers and My on the beams. These 
loads should eliminate the disagreement in rotations around the X axis on 
cantilevers and beams due to the first set of loads. However, known with 
sufficient accuracy are the values of the internal moments Mz7 from the sec- 
ond set of loads, obtained by integration of the self-balancing twists (Mzo - 
Mz) along the cantilevers (equation 18). As the horizontal and vertical twist 

M 
moments are equal on the same point + = >=); distribution of these mo- 
ments along the dam is known and the values of the loads M, may be deter- 
mined by differentiation along beams (equation 19), These values of the self- 
balancing loads (Myo - M,) and Mx lead automatically to an agreement in ro- 
tations of cantilevers and beams around the X axis. In this way, it is not 
necessary to make the horizontal twist adjustment. In the radial adjustment 
consideration should be given to the changes in radial deflections of the canti- 
levers caused by the horizontal twist loads (My, - M,). 

Sometimes, to eliminate high flexure stresses on the horizontal beams of 
straight gravity dams, the vertical joints are not grouted, In this case the 
internal moments Miz and Mi disappear in these joints; remaining are the 
shears Vty when there are vertical keyways between monoliths. The corre- 
sponding equations simplify to: 


(Y,, - + = 0 
(20) 


A. + aM x + avy = 0 


=0 

- = 0 
(22) +a =0 
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According to equation (19) Myt = M, = O and My, disappears in the system 
(16). 

Analyzing the system (21) it is seen that the radial loads Y are related to 
the torsions Mz and consequently to (Mzo - Mz). This shows that the beams 
(equation 21) and twisted cantilevers (equation 22), have no more independent 
loads and cannot be treated as separate structures, 

Substituting Mz from equation (22) in equation (21) these systems become: 


(Y 
° zy 
(20) 


u 


M + 2M + deV 
ZX Zz 


xO y 


Y+W,.=0 


(21a) 


M =0 
ZO ZZ tr 


The system (20) gives the equations for cantilevers loaded by (Yo - Y), Y, 
and Mxo, which bend in radial planes, being subjected to radial displacements 
and rotations around the X axis. 

The system (21a) gives the equations for a structure loaded by Y and Mz5, 
resisting to shear in horizontal planes and to twist in vertical directions. 

The differences of twist moments in horizontal sections balance the moments 
of the radial shears Vt,y in vertical sections and the differences of these 
shears give the radial loads Y carried by this structure, The angular defor- 
mations are due to torsions of cantilevers, The radial deflections are equal 
to the sum of shear detrusion in a horizontal plane and the integral of angular 
deformations along this plane, This structure is designated in this paper as 
the horizontal twist structure, 

Thus in straight gravity dams with ungrouted joints there are two principal 
structures, the cantilevers and the twisted structure, The self-balancing 
loads are the radial forces (Y, - Y) on the cantilevers and Y on the twisted 
structure, These loads are estimated by trial until an agreement is made be- 
tween the radial deflections of cantilevers and all points of the twisted struc- 
ture, 

In contrast to the cantilevers, which may be in any number independent one 
from the other, the twisted structure is just one occupying the whole dam, 

A single load on the twisted structure produces shears on the horizontal 
plane passing through the load. These shears are constant on each side of the 
application point, The shears are balanced by vertical twist moments which 
extend between the horizontal plane passing through the load and the fixed 
boundaries being constant on each side of the load, The structure is one time 
statically indeterminate and the value of the shear force on one side of the 
load, for instance, can be determined from radial deformation conditions at 
any point. In a symmetrical structure with symmetrical loads the shears dis- 
appear in the line of symmetry and the system becomes statically determinate, 
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The Use of Twisted Structures in the Analysis of Arch Dams 


The use of twisted structures presents another method of relating the 
stress distribution of arch dams to principal systems of simple calculation. 
In this method the radial shears on horizontal and vertical sections are sub- 
divided in two parts, one equilibrating flexure moments and the other equilib- 
rating twist moments, The external loads are supported by four kinds of 
structures: vertical cantilevers, horizontal arches, horizontal twisted struc- 
tures, and vertical twisted structures. To show which loads should be related 
to each kind of structure and to justify mathematically the grouping of the in- 
ternal forces and moments for the equilibrium conditions of these structures, 
the external loads Xp, Yo, Zo, Myo and the internal radial shears Vzy, Vtr 
are divided as follows: 


x 4x? 


Z = 42> 


The six equilibrium conditions (equations 1a to 6a) with the terms con- 
veniently grouped become: 


(24) (x* + - 2 sin + (x° + Cos 
-2sin¢.v’) = 0 
(25) (e+ +cos +2 sin 


+ (¥° + cos ov”) + (x? + = 0 
(26) (z* + + (2° + = 0 


tt 


b 
(27) (M + + av” + a) + zy * OM 


-2sin¢.m 


tr ~ col, 
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= 
(23) 
yo y y 
vy 
zy zy zy 
b 
Ver tr tr 
ee... 


a b 
(28) (M (mM yt 5 + + 2 Me 


+ = 


(29) a. - b cos > ° - 2c sini. 


2 
+ + +c cos ON, 5 Sin 5 


vw )=0 


tr tr 


For some values of the parts of the loads Xo, Yo, Zo, Myo and internal 
forces Vzy, Vtr, the portions of these equations between parentheses become 
equal to zero, In this case the parts of the equations can be grouped as fol- 
lows: 


a 
(25a) 0 
(26a) z* an = 0 
a 
(27a) M+ aN = 0 
(24d) + cos ON, -2sin5 


2 
(25d) + cos av +2sinh =0 


(29b) M +224 sind. on 


zO tz 2 t t 
yb 
-V,.- 2c -V,.=0 
(25c) Y + cos av * 
a 
(24a) Xx” + 
a 
(29a) ax -b e COs a tr 


-2c.sinf.v = 0 
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a 
(25a) Y “* 


b 
(26b) Z 0 


= 


tr 


b 


b 
(28b) My + cos 2 sin 5 + 0 


The system (25a), (26a), (27a) gives the equations for cantilevers loaded 
by Y4, Z@ and Mxo, bending in radial planes, being subjected to displacements 
in radial and vertical directions and rotations around the X axis. 

The system (24b), (25b), (29b) gives the equations for arches loaded by x, 
Y> and Mzo, bending in horizontal planes, being subjected to displacements 
in radial and tangential directions and rotations around the Z axis, 

The system (25c), (24a), (29a), (28a) gives the equations for a horizontal 
twisted structure, loaded by Xa, Y© and M4y, deflecting radially, twisting 
vertically and bending transversely, being subjected to radial and tangential 
displacements and rotations around the Y and Z axes, 

The system (25d), (26b), (27b), (28b) gives the equations for a vertical 
twisted structure loaded by Y4, Z> and M_, deflecting radially, twisting hori- 
zontally and bending vertically, being subjected to radial and vertical dis- 
placements and rotations around the X and Y axes, 

In the four structures there are three independent conditions of equality in 
radial deformations and five more conditions of equal deformations along the 
X and Z axes as well as equal rotations around the three coordinate axes. 
These eight conditions with the six equations (23) determine the values of the 
14 unknown components of loads and internal shears shown on the second 
member of these equations, With these parts of the external loads and in- 
ternal shears known, the other internal forces and moments can be deter- 
mined from the last four systems of equations, 

In contrast to the cantilevers and arches which may be in any number in- 
dependent from the others, there is only one horizontal twisted structure and 
one vertical twisted structure, each occupying the whole dam, 

In the horizontal twisted structure the rotations around the Z axis are due 
to torsions in the vertical elements of the structure, The radial displace- 
ments are equal to the sum of shear detrusions in the horizontal plane passing 
through the considered point and to the integral of the rotations around the Z 
axis along this plane caused by the torsion of the vertical elements, The tan- 
gential displacements and rotations around the Y axis due to X4, M2, and the 
tangential components of the shears Vty are calculated from transversal bend- 
ing of vertical elements in the structure, 

With an isolated radial load on one point of the horizontal twisted structure 
there are radial shears Vt, only on the horizontal plane passing through the 
load, which are constant on each side of this load, 

These shears are balanced mostly by vertical twist moments Mz, which 
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act between the horizontal plane passing through the load and the foundations, 
being constant on each side of the load, The discontinuity of the radial shears 
Vtr on the loaded point causes a tangential component which bends the verti- 
cal elements passing through the load, resulting in tangential displacements 
and rotations around the Y axis in this vertical element, Tangential loads 

and M4. moments cause transversal bending of the vertical elements of the 
structure, with tangential displacements and rotations around the Y axis, 
similar to transversely loaded cantilevers, 

The horizontal twisted structure is then one time statically indeterminate 
for an isolated radial load, If the structure and the loads are symmetrical, 
the radial shears disappear on the plane of symmetry and the other internal 
forces are statically determinate. 

In the vertical twisted structure the rotations around the X axis are due to 
torsions of horizontal elements in the structure, The radial displacements 
are equal to the sum of shear detrusions in the vertical plane passing through 
the load and the integral of the rotations around the X axis along this plane 
caused by torsion of horizontal elements, The vertical displacements and 
rotation around the Y axis due to Z), MD, and radial components of the twists 
Mit are calculated from vertical bending of horizontal elements in the struc- 
ture, 

With an isolated radial load on one point of the vertical twisted structure, 
we have radial shears Vz, only on the vertical planes passing through the 
load; the shears are couninnt between the load and the foundation, These 
shears are balanced mostly by horizontal twist moments My and radial flex- 
ure moments My, which act between the horizontal plane passing through the 
load and the abutments, The vertical loads Z> and Mb, moments cause ver- 
tical bending of the horizontal elements in the structure, with vertical dis- 
placements and rotations around the Y axis. These loads Z> and Mb, cause 
also torsion on the horizontal elements, affecting consequently the rotations 
around the X axis of the twisted structure. 

The vertical twisted structure is then one time statically indeterminate 
for an isolated radial load, For isolated vertical loads or MY, moments, the 
structure is three times statically indeterminate because of the fixed sup- 
ports on both ends of the horizontal elements, If the structure and the loads 
are symmetrical, the vertical shears and horizontal twists disappear in the 
plane of symmetry and there remain only the bending moments M, as stati- 
cally indeterminate unknowns in this plane, 

It should be noted that the radial loads carried by the horizontal and ver- 
tical twisted structures in a dam are equal as will be proved, Writing equa- 
tions (25c) and (29a) for an arch element with infinitesimal dimensions in 
vertical and tangential directions, we have: 


= eax, 
ox 


or substituting the second in the first: 
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aX odZ « 


In the same way, equations (25d) and (27b) for an infinitesimal arch ele- 
ment lead to: 


and consequently: 


a tt 
Y =z GZ odX « 


As the moments M,, per unit width are equal to My per unit height and 
the partial differentiations may be interchanged, there is obtained an equality 
of radial loads (Yc = Y4) carried by the two twisted structures, 

Instead of applying all loads at the same time, they may be introduced pro- 
gressively according to the importance of their effects. This may be per- 
formed in the following sequence. 

First, the four structures are loaded with the four components of the radi- 
al loads Y, estimated by trial until a reasonable agreement is reached be- 
tween all radial displacements and rotations around the X and Z axes. The 
radial loads cause also vertical displacements in the cantilevers, tangential 
displacements in the arches and in the twisted structures, vertical or tan- 
gential displacements and rotations around the Y axis. The equality of the 
radial loads Y© and Y4 on the twisted structures simplifies the trial estimate 
of these loads, 

The second set of loads consists of tangential forces XP on the arches and 
X4 on the horizontal twisted structure, estimating them by trial until there is 
no disagreement between tangential displacements of these structures due to 
the first set of loads. The tangential loads also cause radial displacements 
and rotations around the Z axis in the arches and rotations around the Y axis 
in the horizontal twisted structure, 

Then the vertical loads Z4 and Z» are applied on the cantilevers and the 
vertical twisted structure to eliminate the disagreement in vertical displace- 
ments of these structures due to the first set of loads. As the vertical and 
tangential shears per unit length are equal on the same point of the dam, the 
loads Z4, Z> are related to Xa, X by the equations (26a), (26b), (24a) and 
(24b), This results in an automatic agreement of vertical deformations when 
there is an adjustment in tangential displacements. However, the effect of the 
vertical loads on the radial displacements and rotations around the X axis of 
the cantilevers should be considered, as well as rotations around the X and Y 
axes of the vertical twisted structure, 

There is one set of loads left, consisting of moments M4y and MD, on the 
horizontal and vertically twisted structures, respectively, which are estimated 
by trial to eliminate the disagreement of rotations around the Y axis in these 
structures due to loads applied in the former adjustments. The small vertical 
displacements of the dam, as stated when discussing the use of self-balancing 
loads, show that these loads may be used in a simplified way. Then the mo- 
ments M*, become equal to those produced by the shears Vz x, and the trans- 
versal deformations of the horizontal twisted structure can be calculated as 
formed of shear detrusions only. 
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Analyzing the dam in this way requires the use of readjustments due to 
the change of some deformations caused by the introduction of new sets of 
loads. 

In the case of small vertical displacements and disregarding the secondary 
effects of vertical loads on the deformations of cantilevers, the equations sim- 
plify to: 

=0 
zy 


(30) 


M+ + av”, =0 


+ cos - 2 sin 


b b 
Y + cos sing - 0 


pb b 
- cos eV tr 


5 tr” Sing -V 


+ cos 


+ -2sin?.v* 
zx 


2 r 


t 
av. - b e cos e - 2cesint.v* 


Zz tr tr 


= 0 


The last of the four systems does not appear because the agreement in 
vertical displacements is automatically satisfied if we perform the tangential 
adjustment and the radial loads Y4 are equal to those Y¢ of the horizontal 
twisted structure, 

Discussion could also be made here of the effect of transversal deforma- 
tion which results when Poisson’s ratio in compression and flexure is con- 
sidered. This consideration has generally little effect in the results in cal- 
culation of internal stresses in arch dams, 


The Use of Twisted Structures in the Analysis of Straight Gravity Dams 


The deduction developed for arch dams may be applied to straight gravity 
dams, setting: 


sin 0, cos 1, c =0 


and replacing the horizontal arches by straight beams. 
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For simplicity the direction parallel to the Y axis is still designated as 
radial, 

The radial and both twist loads cause no vertical and transversal displace- 
ments on the beams and vertical twisted structure, causing mostly small dis- 
placements of this kind in the cantilevers and horizontal twisted structure. 
Consequently, the loads X4, xd, Z and Z> which should eliminate the dis- 
agreement of vertical and transversal deformations on the four structures 
are small in most cases, 

The longitudinal rigidity of beams and cantilevers prevent the dam from 
deforming appreciably in vertical and tangential directions. Consequently, 
the rotations around the Y axis are small and the value of the loads M4, and 
MD. can be neglected. 

tn this way, the following loads can be disregarded: 


The equations 26a, 24a, 28a, 24b, 26b, 28b lead then to: 


The weight of the concrete, vertical earthquake forces, and vertical water 
load are transferred directly to the cantilevers, The tangential earthquake 
forces are taken directly by the horizontal beams. 

With these simplifications the four systems of equations established for 
arch dams become: 


+o =0 
(53) 
53 
M +¢@ +av* <=0 
xo zx zy 
b 
Y+WV 
(34) ‘ 
+ - beV tr =z 
Y +a. =0 
(35) 
35 
a 
Y zy = 0 
(36) » 
deV zy + = 0 
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The system (33) gives the equations for cantilevers loaded by Y@ and M,,, 
bending in radial planes, being subjected to radiai displacements and rotations 
around the X axis, 

The system (34) gives the equations for beams loaded by Y> and Mz, bend- 
ing in horizontal planes, being subjected to radial displacements and rotations 
around the Z axis. 

The system (35) gives the equations for a horizontal twisted structure load- 
ed by YC, deflecting radially and twisting vertically, being subjected to radial 
displacements and rotations around the Z axis. 

The system (36) gives the equations for a vertical twisted structure loaded 
by Y4, deflecting radially and twisting horizontally, being subjected to radial 
displacements and rotations around the X axis. 

The loads Y4, YD, Y° and Y4 are estimated by trial until an agreement is 
reached between radial deflections and rotations around the X and Z axes in 
the four structures. As the loads Y¢ and Y4 carried by the horizontal and 
vertical twisted structures, respectively, are equal, there is no need to cal- 
culate the deformations of the last of these structures, 

In the horizontal twisted structure the differences of twist moments Mz, 
are balanced by the moments of radial shears V%,. The differences of these 
radial shears give the radial load Y© carried by this structure, In the verti- 
cal twisted structure the differences of twist moments Mj; are balanced by 
the moments of radial shears voz: The differences of these radial shears 
give the radial loads Y4 carried by the vertical twisted structure, 

In the horizontal twisted structure the rotations around the Z axis are due 
to torsion of the vertical elements. The radial displacements are equal to 
the sum of shear detrusions in horizontal planes and to the integral of rota- 
tions around the Z axis along these planes caused by torsion of vertical ele- 
ments, 

In the vertical twisted structure the rotations around the X axis are due to 
torsion of vertical elements, The radial displacements are equal to the sum 
of shear detrusions in vertical planes and to the integral of rotations around 
the X axis along these planes caused by torsion of horizontal elements, 

As in arch dams, the horizontal twisted structure is one time statically in- 
determinate for an isolated radial load, This is true also for the vertical 
twisted structure for radial loads, For straight gravity dams there are no 
transversal and vertical loads on the twisted structures, When the structure 
and the loads are symmetrical both twisted structures become statically de- 
terminate because the shears Vty or the moments My disappear in the plane 
of symmetry. F 

For straight gravity dams with ungrouted joints but which have still verti- 
cal keyways between monoliths, the internal moments My, and My disappear 
and the equations (33) to (36) become: 


+ a* = 0 
zy 


(37) 
M + 2A + deV = O 
xo zx zy 
b 
(38) b 
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(39) 
As equations (36) disappear because Mj; = O and consequently yd = vb, 
oO, v4 y is replaced in equation (37) by Vzy. Adding the first and second 
equations of the systems (38) and (39), respectively, and noting that V4, + 
vb... = Vip, they may be written as follows: 


y~ 


+ ay = 0 
(37a) 

+ + = 0 

e 

+ = 0 
(36a) 

+ - dV... 
where: 


These are the equations defining cantilevers and a horizontal twisted 
structure similar to equations (20) and (21a) found with the use of self- 
balancing loads, 

There is no real difference between these equations because the use of a 
self-balancing load Y can be interpreted as a subdivision of the radial load 
Yo in two parts as Y® and yd, For straight gravity dams with ungrouted 
joints the method incorporating self-balancing loads is equal to the method 
embracing twisted structures, 

The parts Y2 and Y® of the external radial load are estimated by trial until 
an agreement is made between radial displacements in the cantilevers and the 
horizontal twisted structure, 

The elimination of one of the systems (38) and (39) by adding them is justi- 
fied because the loads Y and M,, are now related by the first of these sys- 
tems and Yb is no longer an unknown, 

The deformations of the horizontal twisted structure are computed in the 
same way as explained for straight gravity dams having grouted joints. 


CONCLUSION 


In this paper methods of analysis have been developed for the most general 
case of arch dams to the particular cases of straight gravity dams with grout- 
ed and ungrouted joints, Usually arch dams were analyzed with the aid of 
self-balancing loads and straight gravity dams were analyzed using the twist- 
ed structure technique. The reason for the distinct use of these two methods 
is that the self-balancing loads lead to a simpler solution for arch dams and 
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the use of twisted structures is believed more convenient for straight gravity 
dams. 

The general development of the discussion shows that we may separate the 
internal forces and moments in the equilibrium conditions of equations (1a) to 
(6a) in several ways, referring each group to structures of easy calculation, 
The author considers the possibility of finding an easier method of calculation 
than those previously used. 

Recognizing that the most work in calculating arch dams lies in the compu- 
tation of arch deformations, the author developed a method using only vertical 
cantilevers as principal structures, resolving the internal forces and moments 
from the equality in displacements of lines on radial sections of adjacent can- 
tilevers, The internal forces and moments in radial sections have been con- 
sidered as loads, estimated by trial. A convenient choice of coordinate sys- 
tems with one axis parallel to the axis of the cantilevers simplified the 
equations, 

The use of self-balancing loads and twisted structures may also be applied 
to the calculation of structures other than dams, as, for example, slabs of 
various shapes, 
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